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Abstract 

o 

CN| " The results of Raghavendra (2008) show that assuming Khot's Unique Games Conjecture (2002), 

, for every constraint satisfaction problem there exists a generic semi-definite program that achieves the 

Q-f optimal approximation factor. This result is existential as it does not provide an explicit optimal rounding 

, procedure nor does it allow to calculate exactly the Unique Games hardness of the problem. 

■ Obtaining an explicit optimal approximation scheme and the corresponding approximation factor is 
a difficult challenge for each specific approximation problem. An approach for determining the exact 
approximation factor and the corresponding optimal rounding was established in the analysis of MAX- 
CUT (KKMO 2004) and the use of the Invariance Principle (MOO 2005). However, this approach 
crucially relies on results explicitly proving optimal partitions in Gaussian space. Until recently, Borell's 

C/2 , result (Borell 1985) was the only non-trivial Gaussian partition result known. 

^ In this paper we derive the first explicit optimal approximation algorithm and the corresponding 
approximation factor using a new result on Gaussian partitions due to Isaksson and Mossel (2012). This 

■ Gaussian result allows us to determine exactly the Unique Games Hardness of MAX-3-EQUAL. In 
K*" , particular, our results show that Zwick algorithm for this problem achieves the optimal approximation 

■ factor and prove that the approximation achieved by the algorithm is « 0.796 as conjectured by Zwick. 

, We further use the previously known optimal Gaussian partitions results to obtain a new Unique 

ly^ ■ Games Hardness factor for MAX-k-CSP : Using the well known fact that jointly normal pairwise in- 

dependent random variables are fully independent, we show that the UGC hardness of Max-k-CSP is 



(N 

o 

(N 



' ^ improving on results of Austrin and Mossel (2009). 
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1 Introduction 



An important area of research in complexity theory in the past two decades has been the study of inapprox- 
imability of Constraint Satisfaction Problems (CSPs). A CSP is specified by a alphabet [q] and a set of 
predicates V such that all P G P : [(7]*^ — )• {0, 1)0. Here k is called the arity of the predicate. An instance 
of the problem (say G) is given by n variables xi, . . . ,Xn and a set of constraints £ such that every e G <S is 
of the form e = {S, P) where S G [n]^' and P eV. 

Now, consider any mapping £ : [n] — ^ [q\. A constraint e = {S,P) is said to be "satisfied" if 
P{C{Si),...,C{Sk)) = 1 where Si is the element of S. We also define valc{G) as valc{G) = 
E^g£:P(£(5i), . . . ,C{Sfi)). The algorithmic task is to come up with the mapping C such that valc{G) is 
maximized. Towards this, we define val{G) = max£ valc{G). 

The reason for studying the very general framework of CSPs is because many specific problems of 
interest say MAX-CUT, MAX-3-SAT etc. fall in this framework. In the past two decades, there have been 
important important results in the study of inapproximability of CSPs including the monumental work of 
Hastad llHasOll who obtained optimal inapproximability results for CSPs like MAX-3-SAT and MAX-3- 
LIN. Still, there remained a gap between the known algorithms and hardness results for many important 
CSPs like MAX-CUT and MAX-2-SAT. Towards closing this gap, Khot IIKho02ll introduced the Unique 
Games Conjecture (UGC) which stated the following (equivalent form from IIKKMQ07II ): 

Conjecture 1. Given any 5 > 0, there is a prime p such that given a set of linear equations Xi — xj = 
Cij {mod p), it is NP-hard to decide which one of the following is true : 

• There is an assignment to the Xi's which satisfies at least 1 — 5 fraction of the constraints. 

• All assignments to the Xi 's can satisfy at most 5 fraction of the constraints. 

A series of (often optimal) inapproximability results were proven using the Unique Games Conjecture 
starting with IIKR08I IKKMQOTl which culminated in the beautiful result of Raghavendra ]Rag08[ who 



showed that for every CSP of constant arity and alphabet size, there is a simple and generic SDP which is 
optimal assuming the Unique Games Conjecture. More specifically, he showed the following. 

Theorem 2. Suppose that for the generic SDP, there is an instance G such that val{G) = s while the SDP 
objective value is c. Then, assuming the UGC, given an instance G' of the CSP such that val{G') = c — rj, 
it is NP-hard to find a C such that valc{G) > s + i]for any rj > 0. Further, there is an efficient rounding 
algorithm such that given an instance G with value c on the instance G, it finds an assignment C with value 
s — T] (for T] > 0). 

While this result essentially settles the question of approximability of CSPs from an an abstract per- 
spective, perhaps not too surprisingly , it says nothing about the exact hardness factors for specific CSPs. 
This is in contrast to the situation in the case of MAX-CUT IIKKMQ07i or MAX-2-SAT IIAus07i where 



exact inapproximability factors are known. Likewise, even though the rounding algorithm in | Rag08 1 is 
efficient, it is a brute force search over a small space that results only in a close to optimal rounding scheme. 
Thus, in a sense, the result provides implicitly a sequence of rounding algorithm whose approximation fac- 
tors is guaranteed to converge to the hardness factor. This again is different from the rounding algorithms 
in IIGW95I |Zwi98[ ILLZ02I where the rounding algorithm is far more expUcit (in the first two cases, it is 
simply random hyperplane rounding). 

A major reason for difficulty in establishing exact hardness factors is the following : The exact hardness 
factor in the case of MAX-CUT IIKKMQ07II and MAX-2-SAT IIAus07ll crucially rely on Gaussian Anal- 
ysis. More specifically, it use the invariance principle HMQOIOII together with a result in Gaussian space 



We are assuming a somewhat restricted form of a CSP wliere all the predicates have the same arity 
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specifying explicitly an Optimal Gaussian Partition for the particular predicate. However, only few optimal 
Gaussian partitions are known (or even conjectured). In fact, to the best of our knowledge, before this paper, 
Borell's result fBor851 was the only non-trivial Gaussian partition result used in hardness of approximation 
(for e.g., in LKKMOOTIIAusOTI ). 



The above issue also explains the "brute-force" search aspect of the rounding scheme in |Rag08 1. The 
optimal rounding scheme and the optimal gaussian partitioning (for a given predicate) ai^e known to be 
intimately linked to each other (see | Rag08[ for a detailed explanation). In absence of knowledge of the 



optimal partitioning, | Rag08 | uses the invariance principle and then resorts to a brute force search over a 
small space. 

1.1 Our contributions In this paper, we consider two maximization CSPs, namely, MAX-3-EQUAL and 
MAX-k-CSP. Since we are dealing with maximization problems, we set the (usual) convention that an 
algorithm is said to give an a-approximation (for a < 1) if it always returns a solution which is at least a 
times the optimal value. 

We first start by describing our result for MAX-3-EQUAL. In MAX-3-EQUAL, the variables are 
boolean-valued and every constraint consists of three literals and it is satisfied if and only if all the three 
literals are either all zeros or all ones. We show that assuming the Unique Games Conjecture, the MAX-3- 
EQUAL problem is aEQU ~ 0.796 hard to approximate in polynomial time. On the complementary side, 
we also provide a polynomial time algorithm for this problem with the approximation ratio asqu- More 
formally, we prove 

Theorem 3. There is a polynomial time approximation algorithm for the MAX-3-EQUAL problem which 
achieves the following approximation ratio : 

^ _ 3cos-^(1^3) 

a := mill |f 0.796 

<5G(0,1] 1 - f 

Assuming the Unique Games Conjecture, for every (5 > there is no polynomial time that provides a better 
approximation ratio than a + 5. 

The hardness proof uses a recent Gaussian noise stability result of Isaksson and Mossel IIIM12i which 
does not seem to have been previously used in the literature for proving hardness of approximation results. 

We also give an analytic proof of the performance of the random hypeiplane rounding algorithm on the 
generic SDP for MAX-3-EQUAL (from |Rag08[ ) showing that the approximation ratio achieved by this 
rounding algorithm is exactly a^'gc/ll Our proof is computer assisted but completely rigorous. To the best 
of our knowledge, this is the first complete analytic proof of correctness for the SDP based algorithm for 
MAX-3-EQUAL problem. We note that while Zwick ||Zwi98l also considers this problem and analyzes 
the performance of this algorithm, the analysis is a computer based search and he notes that there is a 
possibility of the search having missed the worst instance for the rounding algorithm. Nevertheless, the 
claimed optimum in IIZwi98ll is same as the optimum of our SDP. 

We also note that our SDP differs slightly from IIZwi98ll in the sense that ours is slightly stronger. This 
is for convenience of analysis. We have not investigated whether this possible strengthening of the program 
is indeed a requirement. The next section lists in detail the technical preliminaries required in this paper. 

While revisiting the study of the relationship between Gaussian partitions and UGC hardness, we addi- 
tionally prove hai^dness results for MAX-k-CSPs. In particular, we investigate the hardness of the MAX-k- 
AND predicate i.e. every constraint consists of k literals li, . . . ,1^ and the constraint is satisfied if and only 



"We actually do a variant of the random hyperplane rounding algorithm where we sample normal random variables with the 
covariance matrix given by the SDP vectors. Then each variable is assigned or 1 depending on the sign of the corresponding 
normal random variable. Our analysis goes through even if the actual random hyperplane algorithm is used. 
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if ^1 = . . . = £fc = 1- Following HMoslOl and IIAM09II by using the fact that in Gaussian space, pair-wise 
independence implies independence, we prove the following theorem : 



Theorem 4. Assuming the Unique Games Conjecture, for every r] > 0, there is no polynomial time approx- 
imation algorithm that provides an approximation ratio better than ^^^^iY^"^ for the MAX-k-AND problem. 

This improves upon IIAM09I where it was shown that MAX-k-CSP is (A; + 0{k^-^'^^)) hard to 
approximate. Assuming the Hadamard Conjecture, they could improve it to [(A; + l)/4] /2^~'^. 

It is worth mentioning that IIAM09II proves the aforementioned hardness for a very general class of pred- 
icates (ones whose satisfying assignments support pairwise independent distributions) but MAX-k-AND is 
not included in that class of CSPs. Another important point of difference is that IIAM09II shows that given 
a MAX-k-CSP with optimal value 1 — 77, it is (Unique Games) hard to find an assignment which satisfies 

'^^^^^k ^ + V fraction of the constraints (for any rj > 0). In terms of PCPs, the PCP in IIAM09II has 

near perfect completeness. This in fact is true even for an earlier paper on hardness of MAX-k-CSPs by 
Samorodnitsky and Trevisan IIST06I . In contrast, our result shows that given an instance of MAX-k-CSP 
with optimal value 2 \ (k+i)/2 ] ~ ^' to find an assignment satisfying more than ^ + rj fraction of 

the constraints. 

We do remark that while our improvement over IIAM09I might seem very minor, Charikar et al. IICMM09I 
give a 0.44fc/2^' approximation algorithm for MAX-k-CSP over boolean alphabet. This shows that in some 
sense, the scope of improvement in the existing hai^dness results for MAX-k-CSPs is rather limited. Of 
course, the question of closing the gap between our hardness result and the performance of the algorithm of 
Charikar et al. remains open. 

Overview of proofs of hardness: The two main novelties in our paper are : 

• Use of the new Gaussian stability result of Isaksson and Mossel KM 1211 to construct a "dictatorship" 
test for MAX-3-EQUAL. 

• Use of the "obvious" Gaussian stability result (i.e.stable partitions for independent gaussians) in a 
new context to construct a "dictatorship" test for MAX-k-AND. 

Given the dictatorship test, getting the corresponding Unique Games hardness result is rather standard (see 
IIKKMQ07I Rag08 1). For the sake of completeness, we give a complete proof of for hardness of MAX- 



3-EQUAL using the corresponding dictatorship test. For MAX-k-AND, we do not show the conversion 
of the dictatorship test to a Unique Games hardness result as the proof is completely analogous to that of 
MAX-3-EQUAL. 

For MAX-3-EQUAL, we also devote a major part of the paper to show that the performance of our 



rounding algorithm on the generic SDP from |Rag08 1 indeed matches the Unique Games hardness result 



1.2 Organization Section |2] states all the fourier analytic and other technical preliminaries required for 
this paper. Section [3] describes a dictatorship test where the tester checks for equality of three literals. 
Section m describes a dictatorship test where the tester checks if all the k literals are 1. Section [5] has the 
two main theorems of this paper, namely a UG-hardness result for the MAX-3-EQUAL problem and a UG- 
hardness result for MAX-k-AND. Section [6] describes a SDP relaxation and a rounding algorithm for the 
MAX-3-EQUAL problem showing the tightness of the hai^dness result. 

2 Preliminaries 

2.1 Basics of Fourier analysis Our proofs are significantly dependent on fourier analysis. We start by 
giving several important definitions. For a more extensive reference, see lecture notes by Mossel IIMos05l . 
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We recall that any function / : {—1, 1}" — )■ M can be written as a multi-linear polynomial. 

fix) = ^ f{S)xs, 

Sc[n] 

where xs = Yii&s Moreover, considering the uniform measure over {—1, 1}", we have: 

E[/] = /(0), Var[f] = Y,fHS). 

The i'th influence of / is given by 

h{f) ■.= Var[f\xi,...,Xi-i,Xi+i,...,Xn]= ^ P{S). 

Sites 

2.2 Noise operators and their properties We will also require the notion of noise operators. We consider 
a particularly important instantiation of the Bonami-Beckner operator namely that on functions over the 
boolean hypercube {—1, 1}" equipped with the uniform measure. 

Definition 5. For p £ [—1, 1], we define the Bonami-Beckner operator Tp on functions /:{ — 1,1}"— t-M 
as follows. 

Tpf{x) = E [f{y)\ 

where each coordinate yi is set to be Xi independently with probability [1 + p)/2 and —Xi with probability 
(1 - p)/2. 

The effect of the Bonami-Beckner operator Tp can be conveniently expressed in terms of the fourier 
spectrum of a function. In particular, if / is as above, then 

SC[n] 

The following standard lemma proves a bound on the number of coordinates with high influence on a 
function after applying the Bonami-Beckner operator on it, see e.g. ||KKMQ07i . 

Lemma 6. Let f : {-1,1}" ^ [0,1] andT,-f > 0. If A{f) = {i : Infi(ri„^/) > r}, then \ A{f)\ < 
1/(7t). 

The next lemma is a specialization of Lemma 6.2 from MMoslOII . It says that expected value of product 
of polynomials does not change by a lot when noise is added provided individual coordinates come from 
correlated probability spaces such that no coordinate is absolutely fixed given rest of the coordinates. 

Lemma 7. For 1 < i < n, let (Jlj, pi) = ({-1, l}'^, /ij) where 

mill /Uj(x) > a > 0. 

a;6{-l,l}''- 

Let (0, fi) = YYi=i /^i)- ^o'' ^ ^ a < k, let /i? be the a'th marginal of pi, in other words 

= l^i{{{xi, ...,Xk):Xa= x}). 

Let /i" = nr=i l^i- element xGi^isakxn matrix. We write x'^ for the a'th column of x which is 
distributed according to p"'. For 1 < a < k, let Qa be a multilinear polynomials Qa ■ {—1, 1}*^ — [—1, 1]- 
Then, for all e > 0, 37 = 7(e, a) > such that 



a=l i=l 



< ek 
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2.3 Gaussian Stability results The following theorem from Isaksson and Mossel IIIM12II is the main 
technical result that we use here. 

Theorem 8. Let il = {— 1,1}'^, [0, 1] and let p. be a probability distribtion over such that 

• p{x) > a > Ofor all x. 

• For s,t £ { — 1, 1} and all 1 < a ^ b < k : 

p{xa = s,Xb = t) = ^pS{s,t) + ^(1 - p). 

Consider the space (fi", p"^). An element x £ may be viewed as a k x n matrix. Write x"" for the a'th 
column of this matrix for 1 < a < k. Note that is uniformly distributed in { — 1, 1}". 

Then for every e > 0, 3r = r(e, k,a) > such that for any fi, ■ ■ ■ , fk '■ { — 1, 1}" — ^ [0, 1] satisfying 
maxijlnfi(/j) < r, 

k 

E J] faix^ < Pr[Va G [k] : < t,] + e 

a=l 

where Zi, . . . , Zi^. ~ M{0, 1) are jointly normal and Cov{Za, Z^') = pfor all a ^ a' such that each tj is 
chosen so that Pr[Za < ta] = E[/a] 

We also consider the corollary of the above theorem when p = 0. We do remark that the following 
corollary can actually be obtained using the Invariance principle from Mossel HMoslOl and does not require 
the full strength of IIIM12L 

Corollary 9. Let = {—1,1}'^ and let pbe a probability distribtion over Q, such that 

• p{x) > a > Ofor all x. 

• For s,t £ { — 1, 1} and all 1 < a ^ b < k : 

^ 1 

p{Xa = S,Xb = t) = -. 

Consider the space (Jl", p^). An element x G 0" may be viewed as a k x n matrix. Write x"" for the 
a'th column of this matrix for 1 < a < k. Note that x"" is uniformly distributed in { — 1, 1}". 

Then for every e > 0, 3r = r(e, k,a) > such that for any fi, ■ ■ ■ , fk '■ { — 1, 1}" — ^ [0, 1] satisfying 
maxijlnfj(/j) < r, 



Ellfa{x'')<llnfa] + e 



a=l a=l 



Proof. The corollary follows by putting p = in Theorem[8]and then observing that Zi, . . . , Zk '-^ AA(0, 1) 
in the conclusion of Theorem [8] are simply i.i.d. J\f{0, 1) random variables. □ 

2.4 Useful facts We will require the following very useful fact about Gaussians. For a reference, see IIBac63i . 

Fact 10. Let X,y,Z A/'(0, 1) such that {X, y, Z) are jointly normal and Coy{X, y) = pi, Coy{Z, y) = 
P2 and Coy (A", Z) = p^. Then, 

Pr[X,Y,Z< 0] = Pr[X,y,Z > 0] = ^ - + + 

2 Att 
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We will also use the following very useful construction of distributions from IIBGGP12II though the 
basic construction dates back to IIBP89II . 

Fact 11. For any A; G N, there is a distribution on {—1, l}'^ such that the following holds : 

• For any i G [k], E[xi] = 

• For any i,j € [k] and i ^ j, 'E[xiXj] = i.e. any two coordinates are pairwise independent. 

• PrzeDfc [xi = ■ . . = Xk = I] = 2[(fc+i)/2l 

3 Dictatorship test for MAX-3-EQUAL 

In this section, we will construct a dictatorship test where the tester checks for equality of 3 literals. More 
precisely, we will prove the following theorem : 

Theorem 12. For any < 5 < 1 and e > 0, there is a distribution over ({—1, 1}")^ such that if 
{X, Y, Z) ~ Z)^ such that for every f : {-1, 1}" ^ [0, 1] with B[f] = 1/2 

• If f{x) = (1 + Xi)/2 for some i G [n], then 

Pr(x,y,z)~D," [/(^) • fiY) ■ f{Z) + (1 - f{X)) ■ (1 - f{Y)) ■ (1 - /(Z))] = 1 - ^ 

• 3t = t{6, e) > and r] = ri{5, e) > such that /fmaxj Infj(Ti_^^/) < r 
Pr(^x,Y,z)^D^ifiX)-f(Y)-f{Z) + {l-f{X))-{l-f {¥))■{!- f{Z))]<l-{3cos-\l-6))/2n+e 

Before starting the proof, we note that if / were a boolean function with range {0,1}, then f{X) • f{Y) • 
f{Z) + (1 - f{X)) ■ (1 - f{Y)) ■ (1 - f{Z)) is 1 if and only if f{X) = f{Y) = f{Z). Thus, we have a 
dictatorship test which checks for equality of 3 bits. 

Proof. Let us define Ds as a distribution over {—1, 1}^ which outputs (1, 1, 1) with probability (1 — 6) /2, 
( — 1 , — 1 , — 1 ) with probability {1 — 6)/2 and uniform 3 bit string with probability 6. Let Di, D2, ■ ■ ■ , Dn be 
n i.i.d. samples of Ds. Let denote the bit of A- With this, let us define X, y, Z G {-1, 1}" as 

X = (L»i(l),...,Z)„(l)) Y = {Di{2),...,Dn{2)) Z = {Di{3),...,Dn{3)) 

We let the joint distribution {X, Y, Z) as defined here be Dg-. We start with the proof of the first item. 
Completeness : Note for any particular i G [n] , the i*'' coordinate of D has the same string with probability 
1 — 35/4. Now, if f{x) = (1 + Xi)/2, then it means that /(x) = 1 if = 1 and otherwise. Hence, we 
have 

^(x,Y,z)eD^[f{X) ■ f{Y) . f{Z) + (1 - f{X)) . (1 - f{Y)) . (1 - f{Z)) 

= B(^x,Y,z)eDm^ = Y, = Zi]] = 1 - 36/4 

This finishes the proof of the first item. We next do the proof of the second item. 

Soundness : Let Q be the multilinear polynomial representation of /. Note that for any x G { — 1, 1}", 
|Q(x)| < 1. Let Q be the probability space with domain { — 1, 1}'^ and probability measure Ds on it. Note 
that Vx G {-1, 1}^, Ds{x) > 6/8. Hence, by Lemma|7l we get that 3r] = r]{6, e) > 0, 

\^(x,Y,z)eD^[fiX) ■ fiY) ■ f{Z) - Ti^rJiX) ■ Ti^r,fiY) ■ ri_,/(Z)]| < e/4 (1) 
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Likewise, we get that 

\B^xxz)eD^[i^-f{X))il-f{Y))il-f{Z))-{l-T,.rjf{X))il-^^^ 

(2) 

We can now apply Theorem [8] In particular, note that if {X,Y,Z) ~ D, then the variables {Xi,Yi,Zi) 
are identical and independently distributed. Also, for any i G [n], Xi, Yi and Zi are pairwise p = {1 — 5) 
con-elated. Also, for any i G [n] and (x, y, z) G {—1, 1}^, Pr[(Xj, 1^, Zi) = (x, y, z)] > 5/8 > 0. Finally, 
note that X, Y and Z are distributed as Hence 

Ex[/(X)] = Ey[/(y)] = Bz[f{Z)] = 1/2 

As the Bonami Beckner operator preserves expectation of the function under the uniform distribution, we 
get 

Ex[Ti_^/(X)] = Ey[ri„^/(y)] = Ez[Ti^rjf{Z)] = 1/2 
Thus, by Theorem[8l 3t = r(5, e) such that if maxj Infj(ri_^/) < r, then we have 

|E(x,y,z)6D^[ri-,/W • T.^vfiY) ■ Ti^,fiZ)]\ < Fr[X,y,Z < 0] + e/4 

where A!,y,Z ~ M{0, 1) and Cov{X,y) = Cov{Z,y) = Cov{X,Z) = 1 — 5. Here, we again assume 
that r in the hypothesis of the theorem is sufficiently small so that the hypothesis of Theorem [8] is valid. 
Likewise, we get that 

|E(x,y,z)eD," [(l - T.^vfiX)) ■ (1 - T,..,fiY)) ■ (1 - ri_^,/(Z))]| < Fr[X,y,Z < 0] + e/A 
Combining the above with ^ and ([B, we get that 

E(x,y,z)6D,"[/W • fiY) ■ f{Z) + (1 - fix)) ■ (1 - fiY)) ■ (1 - fiZ))] < 2Pr[X,y,Z < 0] + e 
Using Fact[lOl we conclude that 

E(x,y,z)eD^[/(X) • f{Y) • f{Z) + (1 - /(X)) • (1 - f{Y)) • (1 - f{Z))] < 1 - ^cos-^l-^) ^ ^ 
completing the proof. □ 



4 Dictatorship test for MAX-k-AND 

In this section, we construct a dictatorship test for MAX-k-AND i. e. the tester checks if a particular set of 
k literals are all set to 1. For the purposes of this section, let us assume p{k) = 2\{k+i)/2] • 

Theorem 13. For any /c > 3 and 6 > 0, there is a distribution D over ({-1, lY)^ such that if [Xi, . . . ,Xfc) 
D such that for every f : {-1, 1}" [0, 1] with E[/] = 1/2 

• If f{x) = (1 + Xi)/2 for some i G [n], then 

Pr(x„...A)~D[/(^i) • • • • • fiXk)] > p{k) - 5 

• 3t = t{5, k) > and ij = ri{5, k) > such that j/maxj Infj(ri_^/) < r 

Pr(x„...,.Y,)~D[/(^i) • ■ ■ ■ • f{Xk)] <^ + S 



7 



We remark that if / were to take values in {0, 1}, then we note that f{Xi) • . . . • f{Xk) = 1 if and only 
if/(Xi)A...A/(Xfc) = l. 



Proof. Let Dk be the distribution from FactO We let ^ = 5/4. Now, we let D^ = {I - ^)Dk + (,Uk. Let 
Di, . . . , Dn be n i.i.d. samples from D^. Let -Dj(j) be the j*'^ bit of Di. Having done this, we define Xj 
for 1 < j < A; as Xj = . . . ,Dn{j))- Let D be defined as the joint distribution of {Xi, . . . ,Xk). 

As before, we start with the proof of the first item. 
Completeness : Since f{x) = (1 + Xi)/2 (for some i G [n]), it means that /(x) = 1 if = 1 and 
otherwise. Hence, we have 

E(xi,...,x,)ez)[/(^i) • • • • • fiXk)] = E^x,,...,x,)^D[l[Xi{i) = ... = X^ii) = 1]] 

= p{k){l-i)+i2-''>p{k)-5 



Soundness : Let Q be the multilinear polynomial representation of /. Note that for any x G {—1, 1}", 
|Q(a^)| < 1- Let Q. be the probability space with domain { — 1,1}'^ and probability measure on it. 
Observe that D^{x) > ^ ■ 2^^ for all x G {— 1, 1}'^. Hence, by Lemma|7J we get that 3r] = 7]{^, k) > 
(note because ^ = 5/4, we can also express 77 as a function of S and k as required by the theorem), 

|E(x„...,x,)eD[/(^i) • ■ ■ ■ • fiXk) - ri_,/(Xi) • . . . • ri_,/(Xfc)]| < I (3) 

We can now apply Corollary |9] to the function Ti_^/ and the random variables {Xi, . . . , X^) ~ D. Much 
like in the proof of Theorem [I2j it is easy to check that all the conditions are satisfied (In particular, note 
that for any i G [n], Xi{i),X2{i), . . . ,Xk{i) are pairwise independent). By CoroUai-y |9l 3r = r(^, k) such 
that if maxj /n/j(/) < r, we have 

|E(Xi,...,x,)6D[ri-,/(Xi) • . . . • Ti_,f{Xk)]\ < 2-'= + I (4) 

As before, we note that r(^, k) can be expressed as t{6, k). Here, we are assuming that the r/(^, k) and 
r(^, k) chosen to be sufficiently small so that the hypothesis of Corollary |9]is valid. Combining ^ and (01), 
we get that 

|E(Xi,...,x,)eD[/(^i) • • • • • f{Xk)]\ < 2-^ + i 

□ 



5 Unique games hardness from Dictatorship test 

In this section, we use the dictatorship tests constructed in Section |3] and Section |4] to show the following 
theorems. 

Theorem 14. Assuming the Unique Games Conjecture, for every < 5 < 1 and e > 0, it is NP-hard to 
distinguish an instance ofMAX-3-EQ UAL with value 1 — 35/4 — efrom an instance of value 1 — 2tt^~^^ 
e. In other words, for every e > 0, MAX-3 -EQUAL is uequ + e hard to approximate where 

^ _ 3cos~^(l-5) 

UEQU = mill If 0.796 

56(0,1) 1 - M 
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Theorem 15. Assuming the Unique Games Conjecture, for every e > 0, it is NP-hard to distinguish an 
instance of MAX-k-AND with value 2 \ (k+i)/2 ] ~ ^from an instance of value 2^^ + e. In other words, for 

every e > 0, MAX-k-AND is ^^^^^Y^"^ + e hard to approximate. 

Theorem [14] uses the dictatorship test in Theorem [12] to reduce Unique Games to MAX-3-EQUAL. 
Similarly, Theorem [15] uses the dictatorship test in Theorem [13] to reduce Unique Games to MAX-k-AND. 
As we said in the introduction, these reductions are by now very standard and can be found at several places. 
For the sake of convenience of the reader, we include the full proof of Theorem[T4] The proof of Theorem[T5] 
is exactly analogous and hence, we do not do it here. 

We begin by defining the Unique Label cover problem followed by stating Khot's Unique Games Con- 
jecture (slightly differently stated than Conjecture [T]). 

Definition 16. A unique Label cover problem (G, S) on alphabet size k is defined by a graph G = {V, E) 
and a set of permutations S = : [k] — t,)g^. For any map C : V ^ [k] and {u,v) G E, 

Ac{u, v) = 1 if and only if C{v) = (T(u^„)(£(ti)), otherwise it is zero. For a map C -.V ^ [k], valc{G) = 
'^(u,v)'^e[-Ac{u, v)]. Value of the label cover problem (denoted by) val{G) = niax£.v_^[fc] valc{G). 

Conjecture 17. l\Kho02'S Unique Games Conjecture : For every e > 0, there is a k = k{e) such given 
a unique Label cover problem (G, S) on alphabet size k, distinguishing whether valiG) < e or valiG) > 
1 — e is NP-hard. We can also assume that the graph G is regular. 

Having stated the unique games conjecture, we describe a PCP verifier for the unique Label cover 
problem which checks for equality of 3 bits. By the standard reduction between PCP verifiers and hardness 
of approximation, we will get a hardness result for the MAX-3-EQUAL problem. 

Description of the PCP verifier: Given the unique games instance {G, S) (on alphabet size k), we 
assume that V = [n] and build a PCP tester over n ■ 2'^ boolean variables as follows : For every i G [n], 
we have a function fi : {—1, 1}'^ — > {0, 1}. Note that each such truth table can be described by 2'^ boolean 
variables and hence the family of functions {fi} can be described in all by n • 2'^ variables. 

For a given 5 G (0, 1), let Dg be the distribution in the hypothesis of Theorem [12] With this, the tester 
is as follows : 

• Pick v G y uniformly at random and choose three random neighbors of v, say, wi,W2, W3 uniformly 
at random. 

• Choose {X, Y, Z) ~ D"^ (described above) and accept if and only if 

° <y(wi,v){X) = fw2 ° (^{w2,v){Y) = fwa ° (^{W3,V){^) 

Remark 18. We will also assume the functions are folded i.e. for any x, f{x) 7^ /(— x). Note that this 
can be done without loss of generality, because whenever a tester needs to query f{x), if xi = 1, it queries 
f{x). Else it queries f{—x) and flips the output. Also, we observe that dictators (and as such, any linear 
function ) satisfy this requirement. 

We next show the correctness of this tester. In other words, we prove the following two lemmas. 

Lemma 19. If val{G) > 1 — e, then there is a set of functions {fi : {—1, 1}'^ — )• {0, l}}ig[„] such that the 
above tester accepts with probability at least (1 — 3e)(l — 35/4). 

Lemma 20. For any e > 0, if the above tester passes with probability more than 1 + e, then 

3C -.V ^ [k] such that valc{G) = ^(e, 6) > 0. 
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Since valc{G) in conclusion of K{e,6) does not depend on k, hence by combining Lemma [T9] and 
Lemma|20]and the standard reduction between PCPs and hardness of CSPs, we prove Theorem [T4l We next 
prove Lemma [T9] and Lemma |20l 

Proof of Lemma 179] Since val{G) > (1 — e), 3£ : F — )• [/c] such that valc{G) > 1 — e. Let C be such a 
labeling of the vertices. We let fi : { — 1, 1}*^ — )• {0, 1} be the dictator function coiTcsponding to C{i). In 
other words, fi{x) = (1 + X£(j))/2. Now, since valc{G) > 1 — e and the constraint graph G is regular, 
hence if we choose v uniformly at random and then a uniform random neighbor Wi, then C{v,Wi) = 1 
with probability 1 — e. By a union bound, with probability at least 1 — 3e, Ac{v,wi) = Ac{v,'W2) = 
Ac{v, ws) = 1. If it indeed the case i.e. Ac{v, wi) = Ac{v, W2) = Ac{v, ws) = 1, then 

fwi ° ^{wi,v) ~ fw2 ° ^{w2,v) ~ fws ° ^{W3,v) 

Now, applying the first part of Theorem[l2j we get that in this case, the test accepts with probability 1 — 35/4. 
Thus, the total probability that the test accepts is at least (1 — 3e)(l — 3(5/4). □ 

We next move to the more difficult case of soundness. In particular, we prove the following lemma. 

Proof. The proof of this is exactly the same as that in ||KKMQ07i We first describe the labeling C and then 
describe its correctness. Our labeling is a randomized scheme. Let r > be two parameters which are 
chosen according to the second part of the hypothesis of Theorem [12] for parameters e/2 and 6. First, for 
every v £ V,'we define : {—1, 1}" — )■ [0, 1] as 

Again for every u G 1/ we define A{v) C y as 

A{v) = {i : Inf,(ri_^A,) > t/2} U {i : lnU{Ti.^^gy) > r} 

The randomized labeling scheme is the following : If the set A{v) is empty, C{v) is chosen arbitrarily. Else, 
it is chosen to be a uniformly random element from the set A{v). The following claim gives us the desired 
result. 

Claim 21. Over the choice of randomness for choosing C, E[valc{G)] > (r/^r^)/32. 

By fixing the randomness in the above claim desirably, we get Lemma |20l So, the proof boils down to 
proving Claim |2T] 

Proof. Note that the probability of acceptance of the tester is given by 

EE E [l{fw, o cr(^i,„)(X) = o fT(^2,^)(y) = /^„3 o cr( )(Z))] 

v£V wi,W2,W3:{wi,v)i^E {X,Y,Z)eD 

= E E E [/«,! o cr(,^^^)(X) • o cr(^ „)(y) • /.^,3 o o-(^3 „)(2')] 

veV wi,W2,W3:{w„v)eE {X,Y,Z)&D 

+ E E E [(1 - fwi o cr(„,^^^)(X)) • (1 - o • (1 - fws ° (^{w3,v){Z 

v£V wi,W2,W3:{wi,v)&E {X,Y,Z)&D 

3cos~^fl — 

-EE [g,{X)-g,{Y)-g,{Z) + {l-g,{X))-{l-g,{Y))-{l-g,{Z))\>l ^ 



v&/ (x,Y,Z)eD 27r 
A Markov argument gives that for at least an e/2 fraction of vertices v €V 

3cos~^fl — 5) 

E [g,{X) ■ g,{Y) ■ g,{Z) + (1 - g,{X)) ■ (1 - g,{Y)) ■ (1 - g,{Z))] > 1 + e/2 

{X,Y,Z)eD ^TT 



10 



Call this subset of V as A. Note that by the second part of Theorem [T2l for every v A,3i ^ [k], such that 
lnii{Ti-ri9v) > T. For v A, choose any such i which satisfies Infj(Ti_.;y(7u) > r. 

r < Infi(ri_,g,) = J] (1 - vf^9v{Sf = (1 - vf^ {^MeEiU'^^M^)] 

S:i£S S:ieS 
S:i&S 

Here o"^^„)(5') denotes the set which under the map (T(-^^) gets mapped to S. Now, by Jensen's inequahty 
we get that 

5](l-r?)l^l(E(^,.),^[A;(a-J (5))])' < E V(l-^)l^lA:;'(a-J (5) 

This implies that for such a S A and i such that Inf j(Ti_.;y(7„) > r , at least for t/2 fraction of neighbors 
w of V, 

Call such a pair (w, of vertices as "good". Using Lemma|6j it can be easily shown that for every v , 
\A{v)\ < A/{Tr]). This means that for every v £ A, the randomized scheme C assigns C{v) = i such that 
Infi{Ti^ri9v) > with probability at least {r]T)/A. Observe that for any such v€A,a.t least t/2 fraction of 
its neighbors w are such that {v, w) is "good". Note that for any good pair {v, w), if Inf j(Ti_^(7^) > r, then 
Inf^-i |-.-,(Ti„^/^) > t/2. This implies that err ^ Ji) G A{w). Thus, with probability at least (rr/)/4, 

jC{w) = Thus, overall the probability that C{v,w) = 1 is at least T^if/32. This proves the 

Claim |2T] and concludes the proof. □ 

□ 



6 Approximation algorithm for the MAX-3-EQUAL problem 

In this section, we give a SDP based approximation algorithm for MAX-3-EQUAL whose performance 
matches the hardness result from the last section. In particular, we prove the following theorem. 

Theorem 22. There is a polynomial time approximation algorithm for the MAX-3 -EQUAL problem which 
achieves the following approximation ration : 

min If PS 0.796 

^eco.i) 1 - f 

Thus, this theorem shows that we have an approximation algorithm whose performance ratio matches 
the Unique Games hardness for this problem. Towards proving Theorem |22l we state a SDP relaxation 
for the MAX-3-EQUAL problem followed by a rounding procedure and then analyze the performance 



of this algorithm. The SDP formulation is the generic SDP by Raghavendra | RagOS | specialized to the 
MAX-3-EQUAL problem. We assume that the variables are xi, . . . , x„ G {—1, 1}- The constraint set E C 
[n]^ X {—1, 1}^ such that for every A;) X (r^j, r^j, %) G we have a constraint that ryjXj = Vj^j = Vk^k- 
The SDP relaxation is given in Figure [B 
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SDP formulation 

1. Vie [n], v^ e R" and ||z;,||2 = 1. 

2. V i, j, k G [nf, i < j < k, a(jj^fc), ^(jj,fc), 7(jj,fc), € R+ U {0} such that 

3. y ij,k e [ri,]3, i < j < k, 

<^{i,j,k) + P(i,],k) - l{i,j,k} - %j,fc) = {Vi,Vj) 
0^{i,j,k) - P(i,3,k) + 7(ij,fc) " ^(i,i,k) = {Vj,Vk) 
<^{i,j,k) - P(i,3,k) ~ ^(i,],k) + = (^i, Wfc) 

4. For e & E, where e = (i, j, fc) x {rji,r]j,rik), define 

if = V] = Vk, 

P{i.j,k) = Vj = -Vk, 

l{z,j.k) if -Vt = Vj = Vk, 
<5(i if Vi = -Vj = Vk, 

5. Subjected to the above, Maximize E(^ij_k) x (a.p.-r)e e -^(e) 



Figure 1: SDP relaxation for MAX-3-EQUAL problem 

Remark 23. We note that Zwick l[Zwi98\l describes a SDP relaxation and a similar rounding procedure 
for the MAX-3 -EQUAL problem. The paper also gives numerical evidence towards showing that the perfor- 
mance ratio of their algorithm is approximately 0.796. However, the paper notes that they do not have an 
analytical proof of this and to the best of our knowledge, no analytical proof has appeared ever since. We 
analyze a slightly different SDP and analytically show that the performance of it is indeed what we claim. 
The reason we do not analyze Zwick' s SDP is because it appears to be more difficult to analyze though we 
are not aware of any counterexample showing that the performance of Zwick' s algorithm is not what it is 
claimed in HZwi98\l . 

To see why the SDP in Figure [T] is a relaxation, consider a particular assignment to the variables 
xi,. . . ,Xn- Let us define vq G as 1 in the top coordinate and everywhere else. If xi = 1, set 
Vi = Vq. Else, if Xi = —1, set Vi = — vq. The rest of the variables are set as follows. For every triple 

{i,j,k), i < j < k, 

• If Xi = Xj = Xk, then j,fc) = 1, P{i,j,k) = 7(i,j,fc) = %j,fc) = 0. 

• If Xi = Xj = -Xk, then /3(i = 1, a{i,j,k) = 7{i,j,k) = S{i,j,k) = 0. 

• If -Xi = Xj = Xk, then 7(i,j,fc) = 1> "(ij.fc) = (^{i,j,k) = ^(i,j,k) = 0. 

• If Xi = -Xj = Xk, then = 1> = I3{i,j,k) = l{i,j,k) = 0- 

It is easy to verify that with these assignments of a^ij^k), l^(i,j,k), l(i,j,k), ^(i,j,k) ^rid Vi, constraints 1, 2 and 3 
are indeed satisfied. Further, for this assignment, if a constraint e G £^ is satisfied, then it is easy to see that 
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A(e) = 1. Also, if a constraint e is not satisfied, then A(e) = 0. Thus, the objective value of the program for 
this assignment is exactly the fraction of constraints e G -E which are satisfied and hence its a relaxation. 

6.1 Rounding algorithm Our rounding algorithm is as follows : Let S G R'^^'* be the matrix such that 
= {vi,Vj). Note that S is positive semidefinite. So, we let X ~ AA(0, S) i.e. X be a jointly normal 
distribution in R" with mean at the origin and the covariance matrix S. The rounding algorithm gets a 
sample X and assigns Xi = lif Xi > and —1 otherwise. Here Xi denotes the i*^ coordinate of X. We 
will call this rounding as the "random gaussian" rounding. We now prove Theorem |22] by analyzing the 
performance of the aforedescribed algorithm. 

We would also like to remark that (perhaps not too surprisingly), if instead of the "random gaussian" 
rounding, we would have used "random hyperplane" rounding, the performance of the algorithm would 
have been the same and our analysis would have also gone through without any changes. 

Proof of Theorem \22\ We start by considering a particular constraint e ^ E. Without loss of generality, 
assume that e = k) x (1, 1, 1). We note that if the latter part of the argument were not (1, 1, 1) any 
other r/j, r/fc) G {—1,1}^ the analysis will remain unchanged. 

Now, for the particular edge e, its contribution to the SDP objective is A(e) = Q!(jj,fc). On the other 
hand, let the expected contribution to the true objective from this edge be K{e). Note that 

K{e) = Vr[{Xu Xj.Xk > 0) U {Xi, X,,Xk < 0)] (5) 

As is standard, the performance ratio of the algorithm is lower bounded by inf K(e)/A(e). Hence, we will 
simply aim to prove a lower bound on inf ^(e) /A(e). Now, plugging Fact [TOl into ([5]) and using that for any 

k), a(_ij,k) + P{i,j,k) + l{i,j,k) + S{i,j,k) = 1> we get that 

_ COS~^{{Vi,Vj)) + COS~^({Vj,Vk)) + COS~^{{Vi,Vk)) 

_ ^ _ cos-^(2(a(^j^fc) + %j- fc)) - 1) + cos~^(2(a(^j^fc) + 7(ij,fc)) - 1) + cos~"^(2(a(i,j,fc) + - 1) 

27r 

Thus, for a, b,c,d £ R^~ U {0}, if we define 

^ _ cos~^(2(a+b)~l)+cos~^(2(a+c)-l)+cos~^(2(a+rf)-l) 

g{a, b, c, d) = ^-^ 

a 

K(e) 

— — — > min g{a, 6, c, d) subjected to a + b + c + d= 1 and a,b,c,d > 

A(e) a,b,c,d 

For the purposes of the analysis, it is helpful to fix the value of a, and then find the optimum choice of b, c, 
d for that value of a to minimize g{a, b, c, d). Subsequently, one optimizes over the choice of a. In other 
words, let us define ha{b, c, d) as 

ha{b,c,d) = cos"^(2(a + 6) - 1) + cos~^(2(a + c) - 1) + cos"^ {2{a + d) - 1) 
^(a) = max ha{b, c, d) subjected to6 + c + d= l — a and 6, c, d > where a > (6) 
Hence, we now get that 

^> inf (7) 

A(e) o<a<i a 

Thus, we now focus on finding ^'(a) for every a G (0, 1]. In order to find out ^'(a), we find out the local 
minima by evaluating the partial derivatives of the function ha{b,c,d) and also investigate the value of 
ha{b, c, d) at the boundaries of the domain. 
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6.2 Minimum value of ha{b, c, d) at the boundary of the domain : The next claim gets the maximum 
of ha{b, c, d) when b, c, d lie on the boundaiy of the domain defined in Equation [6l 

Claim 24. The maximum ofha(b, c, d) when b, c and d lie on the boundary of the domain defined in (jS]) is 

cos^^(2a - 1) + 2cos^^(a). 

Proof. Note that because 6, c, d > and b-\-c-\-d = \ — a, the boundary of the domain is defined by at 
least one of the variables being 0. Without loss of generality, we assume 6 = 0. In that case, 

/ia(0, c, d) = cos-^(2a - 1) + cos-^(2(a + c) - 1) + 003-^2(0 + d) - I) 

with c + d = 1 — a and c, d > 0. Doing the substitution d = 1 — a — c, we get 

^a(0, c, d) = cos"^(2a - 1) + cos"^(2(a + c) - 1) + cos"^(l - 2c) (8) 

where < c < 1 — a. Now, note that since a is fixed, hence /ia(0, c, d) is solely a function of c. Hence, to 
find out the maximum of /ia(0, c, d), we evaluate it at the end points of the domain i.e. atc = 0, c=l — a 
and at its critical points. 

• If c = 0, then d = \ — a. Hence, at this point, ha{b,c,d) = ha{0,0, 1 — a) = cos~^(2a — 1) + 
cos^i(2a - 1) +cos^^(l) = 2cos~^(2a - 1). 

• If c = 1 — a, then d = 0. Hence, at this point, ha{b,c,d) = ha{0, 1 — a,0) = cos~^(2a — 1) + 
cos-^(l) + cos"i(2a - 1) = 2cos"^(2a - 1). 

Having evaluated ha{0, c, d) at the boundary points, we now find out the critical points of this function. 
Differentiating the expression in dH), we get 

dha{0,c,d) _ -2 _^ 2 



dc ^i_(2(a + c)-l)2 Vl - (1 - 2c)2 

This implies that 

1 - (2(a + c) - 1)2 = 1 - (1 - 2cf 

(2(0 + c) - 1) = ±(1 - 2c) 

This means that either a = or a + 2c = 1. Since a > 0, we can neglect the first condition. Thus, the only 
condition we need to consider is a + 2c = 1. Because a + c + d = 1, this means that c = d = {1 — a)/2. 
Thus, ha{0, c, d) = cos~^(2a — 1) + 2 cos^^(a). Thus, we get that 

max/ia(0,c,(i) = max{cos"^(2a- l) + 2cos"^(a),2cos"^(2a- 1)} = cos~^(2a- l) + 2cos"^(a) (9) 

c.d 



The last equality uses Fact 1261 □ 

6.3 Evaluation of ha{b^ c, d) at the critical points : The next claim evaluates the maximum of ha{b, c, d) 
at the critical points of the domain. 

Claim 25. The maximum value ofha{b, c, d) at the critical points inside the domain defined in ^ is given 
by 

, „ „ f7r + cos"i(4a- 1) if0<a<l/4, 
max/iaio, c, a) = < 

^ ^ l3cos-i((4a-l)/3) /f 1/4 < a < 1. 
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Proof. Note that h + c + d = \ — a. Thus, we get 



ha{b, 



c, d) = cos~^(l - 2c - 2d) + cos~^(2(a + c) - 1) + cos~^(2(o + d) - 1) 



Now, that since a is fixed, ha{b, c, d) is a function of c and d alone. At the critical point. 



dha{b, c, d) 
dc 



V^l - (1 - 2c- 2(i)2 



2 



Vl-(l-2a-2c)2 



2 







dha{b,c,d) 
dd 



V^l - (1 - 2c - 2d)2 



2 



^1 - (1 - 2a - 2d)2 



2 







Thus, at the critical point. 



(1 - 2c - 2df = (1 - 2a - 2cf = (1 - 2a - 2(i)2 



±(1 - 2c - 2(i) = ±(1 - 2a - 2c) = ±(1 - 2a - 2d) 



We now solve for c, d for the various possibilities Usted above. 

• 1 — 2c — 2d = 1 — 2a — 2c = 1 — 2a — 2(i. In this case, we get a = c = d and hence 6 = 1 — 3a. 
Since b > 0, this possibility occurs only when < a < (1/3). If this indeed holds, 

ha{b,c,d) = cos~^(l - 4a) + cos'^(4a - 1) + cos"^(4a - 1) = tt + cos"^(4a - 1) 

• I — 2c — 2d = —{1 — 2a — 2c) = 1 — 2a — 2d. In this case, we get a = c = b and d = I — 3a. Again 
as d > 0, this possibility occurs only when < a < (1/3). As before, 

ha{b,c,d) = cos~-^(l - 4a) + cos~-^(4a - 1) + cos~-^(4a - 1) = vr + cos~^(4a - 1) 

• 1 — 2c — 2(i=l — 2a — 2c = — (1 — 2a — 2d). This goes exactly the same way as the previous case. 
Here again, we have 

ha{b,c,d) = cos"-^(l - 4a) + cos"^(4a - 1) + cos"-^(4a - 1) = vr + cos~-^(4a - 1) 

• -(1 - 2c - 2d) = 1 - 2a - 2c = 1 - 2a - 2d. In this case, 6 = c = d = (1 - a)/3. Now, we get 
ha{b,c,d) = cos"^((4a- l)/3) +cos-^((4a - l)/3) + cos-^((4a - l)/3) = 3cos~^((4a - l)/3) 

That means that for the critical points, maxha{b,c,d) = max{7r + cos~^(4a — 1), 3 cos~^((4a — l)/3)} if 
< a < 1/3. On the other hand, if a > 1/3, then max/ia(5, c, d) = 3cos~^((4a — l)/3). 
However, using Fact|22l the above simplifies to saying that at the critical points. 




□ 
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Combining Claims |24] and |25] along with ([7]), we get that 



/ N C _ 7r+cos-^(4a-l) _ 3cos~^((4a-l)/3) _ 2 cos~l (a)+cos~l (2a-l) "| 

^>mini inf — ^-^ , inf — ^ -^^ ?2L 

A(e) la6(0,l/4] a a6(l/4,l] a ae(o,i] a I 

By Fact[28l the first quantity inside the minimum simplifies to 1 as follows : 

^ 7r+cos~^(4a-l) _ 7r+cos~^(4*(l/4)-l) 

inf — 2^ = —j^ = 1 (10) 

ae(o,i/4] a (1/4) 

At this point, we are left with the task of finding the following quantities : 

^ _ 2cos~^(a)+cos~^(2a-l) -j^ _ 3 cos"^ ((4a-l)/3) 

inf inf ^ 

ae{o,i] a ae(i/4,i] a 



Thus, we ai^e now left with the task of finding the infimum of two single-variable functions and then taking 
the minima of these two quantities. We do this computation by evaluating these two functions at sufficiently 
many points and then taking the infimum of these. For a mathematical justification, see Appendix iBl 

^ _ 2cos~^(a)+cos~^(2a-l) 

inf = [0.802225, 0.804225] (11) 

ae(o,i] a 

^ _ 3cos~^((4a-l)/3) 

inf = [0.795070, 0.7960701 (12) 

ae(i/4,i] a 



Further, the value of a achieving the infimum in (fT2b is a = 0.700296 ± 0.000001. Hence, we have that 



, ^ , _ 3COS H(4a-ij/3j , _ 3 cos -((^a-l)/d) 

^> inf = inf 2^ 

A(e) ae(i/4,i] a ae(o,i] a 

The second equality (i.e. making the domain (0, 1] instead of (1/4, 1]) follows because Fact |27] and (ITOl ) can 
be combined as: 

^ _ 3cos~l((4a-l)/3) ^ _ 7r+cos~l(4a-l) 

V0<a<l/4 — > >1 

a a 

Put 5 = 4(1 - a)/3. Then, we get that 

^ _ 3cos-i((4a-l)/3) _ 3cos-i(l-(5) _ 3cos-i(l-(5) 

inf ^ = inf 1? = inf 



ae(0,l] a 0<5<4/3 1 - ^ 0<(5<1 1 - ^ 

Here the last equality is true because we have earlier observed that the infimum of the expression in (fT2l) 
is obtained when a ^ 0.700. This means the corresponding value of 6 ^ 0.400 < 1. Thus, making the 
domain of 6 to be (0, 1] instead of (0, 4/3] does not affect the value of the infimum. This also conclude the 
proof of the theorem. 

□ 
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7 Conclusion 



Our results illustrate the importance of Gaussian partition results in establishing exact optimal UGC hardness 
and rounding schemes. Not only did we show that a new Gaussian partition result allows to obtain exact 
UGC hardness of MAX-3-EQUAL, we also showed how the trivial Gaussian partition gives near optimal 
hardness for MAX-k-CSPs. 

There are many interesting open problem that emerge from our work and previous work. Perhaps the 
most natural open problem is regarding the hardness of MAX-k-EQUAL. In particular, is it true that the 
generic SDP from |Rag08 | followed by the random gaussian / hyperplane rounding is optimal for MAX-k- 
EQUAL (assuming the Unique Games Conjecture)? 

A more general challenge it to obtain further optimal Gaussian partition results. In particular we recall 
the Standard Simplex Conjecture from IIIM12II which says that if {X, Y) are jointly normal random variables 
in M" such that X,Y A/'(0, 1) and Cov{X, Y) = pin where p > 0, then a partitioning of the gaussian 
space into k parts of equal measure such that (X, Y) fall in the same partition is maximized when the 
partition corresponds to a fc-simplex centered at the origin. Proving this, will have consequences for hardness 
of MAX-k-CUT. 
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A Useful Trigonometric facts 

Fact 26. For every < a < 1, 2cos~^(a) - cos"H2a - 1) > 0. 
Proof Note that 

cos(2cos^^(a)) = - 1 < 2a - 1 = cos(cos"^(2a - 1)) 

Now recall that if < 0,0 < vr, then cosO < cosci) if and only if 9 > (/)■ Clearly, as a > 0, < 
2cos~^(a) < TT. And also, < cos~^(2a — 1) < vr. This concludes the proof. □ 

Fact 27. Let —l<x<l. Then, if x > 0, then n + cos~^(2;) < 3cos^^(x/3). Else if x < 0, then 
TT + cos~^(x) > 3cos~^(x/3). 
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Proof. Consider f{x) = 3 cos ^(x/3) — vr — cos ^{x). Then, note that within the domain (—1, 1), the 
function is differentiable and hence 

df{x) -1 ^ 1 



dx y^l -xV9 Vl 



X 



2 



This means that df{x)/dx = only at x = 0. Also, note that /(O) = 0. Also /(I) > and /(-I) < 0. 
This proves the conclusion of the claim. □ 



Fact 28. Let f : {0,1 /4] -^Rbe defined as 



1 



vr+cos -"-(40;— 1) 



2n 



X 

Then, f{x) is decreasing in the interval (0, 1/4]. 

Proof. We do a change of variables. Put cosO = Ax — I. In other words, tt/2 < 6 < tt and we need to 
show that g{9) is increasing in 9 in the said interval. 



1 e_ 

2 2-K 



1 + cos 6* 

We now evaluate g' (Q) and show that it is an increasing function. 

n,. , (l+cosg)-^+sing-(l-A) 

^^^)=^ (l + cos^)2 

That means we need to show that 

(l+cos0).g+sm^.Q-A)>O 

which is equivalent to showing 

(tt - Q) sin(6l/2) > cos(6l/2) = t\-Q- cot(6'/2) > 

So, we finally need to show that h(Q) = -k — 9 — cot(0/2) is non-negative in the interval 9 € [tt/2, tt). But 
h'{9) = — cot^(0) < 0. This means that h{9) > /i(7r) = proving our claim. □ 

Fact 29. ForO<x<l, cos~Hx) <tt/2-x 
Proof. 

sinx < X =^ cos(7r/2 — x) < x =^ 7r/2 — x > cos(x) 



□ 



Fact 30. ForO<x<l, cos'^{x - 1) < vr - ^ 
Proof. Let g{x) = cos{y/x) — 1 + x. Observe that ^(O) = 0. Also, 

, , , sin ^/x 

''<^> = -^ + '>° 

This impUes that g{x) > for all < x < 1. This implies 

COs{\/x) — 1+X>0 =^ X — 1> — COs{y/x) = COs(7r — y/x) 

COS~"'^(x — 1) < TT — "v/x 



□ 
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Fact 31. For 0.9 < x < I, cos'^ix) < 



X. 



Proof. Put X = 1 — e and then, we need to prove that for < e < 0.1, cos ^(1 — e) < 3-y/e. Now consider 
g(e) = 3^/e - cos"^(l - e). Clearly, ^(0) = 0. Next, we note that 



As g'{e) > if < e < 0.1, so is g{e) thus proving the proposition. □ 
Fact 32. For 0.9 < x < 1, cos-^(2x - 1) < 5y/T^. 

Proof. Note that putting x = 1 — e, this is equivalent to proving that for < e < 0.1, cos~^(l — 2e) < 5^/e. 
To prove this, consider the function g{e) = 5^/e — cos~^(l — 2e). Clearly, g{0) = 0. Also, 



2^e ^1 - (1 - 2e)2 2^e 
As g'it) > for e < 0.1, so is g[e), thus proving the proposition. □ 

B Justification for numerically finding the minima 

In Section [6l we numerically evaluate the minimum of two single variable functions using the software 
"Mathematica". We now give a detailed explanation of how we find the minima of these functions to the 
desired error and the mathematical soundness of this computer-assisted procedure. 

B.l Inllmum of h\(a) Given a function h\ : (0, 1] — >■ M from Section [6] (which is defined as) 

-. _ 2 cos ~ ^ (g) +COS ~ ^ (2a- 1 ) 

/ii(a) = 

a 

to find inf(ig(o,i] hi{a), we do the following : 

• Show that for the interval Ai = (0, x^j] and A2 = [xt,l] (where Xs = 0.179 and xt = 0.99), 
infxeAx hi{x) > 0.85 and mfxeA2 hi{x) > 0.83 

• Show that for the interval = (x^, xj), and x G ^3, |/ii(x)| < A where A = 500 

• Divide the interval A-^ into A/t] (with r] = 10~^) intervals of equal length and evaluate hi at each of 
these points where hi{a) is evaluated at each point with an error of e = 10~^. Subsequently, take the 
minimum of all these numbers. 

It is clear- that the above procedure returns the infimum of hi in the interval (0, 1] to within eiTor e+7] < 10"^. 
Following this procedure, infag(o,i] ^1 (o) was obtained to be 0.803225. Since, we note that the error can be 
at most 10^^ hence m(ae{o,i] hi{a) G [0.802225,0.804225]. 

We now give proofs for the first and the second item in the above procedure. 

Proposition 33. Let hi : [0, 1] ^M.be defined as 

_ 2cos~^(a)+cos~^(2a-l) 

hi{a) = 2^ 

a 

Then, for < a < 0.179, h{a) > 0.85. 
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Proof. Using Fact |29] and Fact[30l we have 



1 - 2cos-Ha)+cos-H2a^l) ^ 2a + V2a 1 , 1 



hiia) = '-^ > —-^ = - + 



27ra vr ■K^/2a 

Plugging in the values, this implies that as long as a < 0.179, hi{a) > 0.85. □ 
Proposition 34. Let hi : [0, 1] ^Rbe defined as 

^ _ 2 cos - 1 (g) +COS ~ ^ (2a- 1 ) 



27r 



hi{a) 

a 

Then, for 0.99 < a < 1, h{a) > 0.83. 
Proof. Using Fact |3T] and Fact[32j we have 

1 _ 2cos-l(a)+cos-l(2a-l) -, _ 6^/T^+5y^T^ 

hi{a) = > ^-^ 

a a 

Plugging in the values, this implies that as long as 0.99 < a < 1, hi{a) > 0.83. □ 

Proposition [33] and Proposition [34] imply the proof of the first item. The next proposition impUes the 
correctness of the third item. 

Proposition 35. For every a G [0.179,0.99], \h[{a)\ < 500. 
Proof. 



_| a -j^ _|_ yu-; _|_ 



cos ^{a) cos -'-{2a— 1) 



. , , ttVT^ 7r,/l-(l-2a)2 ^ tt ^ 27r 
/ll(o) = ^ 2 



This implies that 



a I a I ^ 1 I 1 

\h' t M ^ TrVl— 2n\/ a—a^ ^ ^ 7r\/l— a^ litsj a—a^ 

To bound the value of |/i'^(a)|, we consider the two cases : when 0.179 < a < 0.5 and when 0.99 > a > 0.5. 
Splitting into these two cases, it is easy to show 

\h'i{a)\ < 500 

□ 

B.2 Infimum of /12 (a) Recall that we need to find the following quantity : 

^ _ 3cos-i((4a-l)/3) 

inf /12(a) where /12(a) = — 

a6(l/4,l] a 

We do the following change of variables : We put (4a — l)/3 = cos x. Then, the problem becomes finding 
the quantity 

inf g{x) where g{x) = 4 ■ ^'^ 



a;6[0,7r/2) 1 + 3 COS X 

To find inf^.g[o 7r/2) 9{x), we do the following : 
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• Show that for x G [0, 7r/2), \g' {x)\ < A where A = 50 

• Divide the interval [0, '/r/2) into A/?? (with r/ = 10~^) intervals of equal length and evaluate g{x) at 
each of these points where g{x) is evaluated at each point with an eiTor of e = 10^^. Subsequently, 
take the minimum of all these numbers. 

It is clear- that the above procedure returns the infimum of /12 in the interval (0, 1] to within eiTor e+i] < 10"^. 
Following this procedure, inf„g(o,i] ^2(0) was obtained to be 0.796070. Since the enm is bounded by 
10"^, we know inf^g^o,!] ^2(0) G [0.795070, 0.796070] We now give proof for the first item in the above 
procedure. 

Proposition 36. Let g : [0, 7r/2) — )• R be defined as above. Then, for x G [0, 7r/2), < 50 

Proof. 

■ 3x sin 3; _ _L 3 cos a: 

(1 + cos xj^ 

It is now trivial to see that the absolute value of g'{x) is bounded by 50 at all points in [0, 7r/2). □ 
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